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1. Intro: Weyl in 1925 ...

Weyl in 1924 and early 1925 : Work on representation theory:

“"Theorie der Darstellung kontinuierlicher halbeinfacher Gruppen durch lineare Transformationen. I, Il, Ill und
Nachtrag." Mathematische Zeitschrift 23: 271--309, 24: 328----395, 789--791. GA I, 543—646

Finished in April 1925. Then work on ,Philosophie der Mathematik und Naturwissenschaften“ (published

1926/1927)

Two reasons, why Weyl thought group representations to be important for physics --- already in the context of
GRT: (1) role of tensors in differential geometry because of irreducible representations of SL(n,R) all in tensor
products from natural (fundamental) representation— importance of symmetry conditions

(I1) analysis of the problem of space (algebraic part) could be answered using group representations (E. Cartan)

September — November correspondence with Max Born and Pascual Jordan on new quantum mechanics

Weyl to Born, Zurich

Born to Weyl, Gottingen

Weyl to Jordan, Zi

Jordan to Weyl, G6

Weyl to Jordan, Zu (postcard)
Weyl to Jordan, Zu (postcard)

27 Sep. 1925 (Staatsbibliothek Berlin, also in AHQO — NL Jordan (!) 965)
03 Oct. 1925 (ETH Hs 91: 488)

13 Oct. 1925 (StB Berlin dito, NL Jordan 638 + AHQP)

xx. Nov. 1925 (ETH Hs 91: 626)

23. Nov. 1925 (StB Berlin dito, NL Jordan 638 + AHQP)

25. Nov. 1925 (StB Berlin dito, NL Jordan 638 + AHQP)



Weyl to Born, 27 Sep. 1925: i —

,Ihr Ansatz zur Quantentheorie hat auf mich s Pt I

gewaltigen Eindruck gemacht. ich habe mir = '

das Mathematische dazu folgendermafen s

zurecht gelegt, vielleicht kann lhnen das bei “ C Zi A A

“der weiteren Durchfiihrung behiilflich sein ...« e M g A Al At o il

,,» Dear Herr Born, ‘ m »év)A W /"‘“’M . ")‘;{@Z#

Your Ansatz to QM has deeply impressed Sonan, /a/w«« /é g M""‘“ m s

me. | have figured out the mathematical R a4 e ¢ ote Mok,
MM«—N it s ptd

. , ; st - . T2 MMM“
ilde for n;yrst:If perhaps it nlay be useful Py "LJ, Lo /M. e
or your further progress ... - «Bmewt .
D= e+, & / %‘—‘Qf
/?GLQ df":;‘e-»‘— J&{O’f 7/’) e Lo s-»a;,.. W}
(Born had visited Ziirich in September 1925 ;}Lm F= ; p —p = Ao (7 i Regl

and had informed Weyl on the recent progress
. e ggs y prog 7, W a9 o= /_,. Zd6e .
made in Géttingen B-H-J) i"&‘ L pa e e
N, W‘ %_W""‘”’““ “ .:,? 7

wa&
- t & an
pr W( Lol o d e D e e A

,4:4‘.’1‘"‘& ¢ Y &

7 I {/-577- p

a,«_.zé'-»f'v-%
J‘““’M AT ‘.
et O T
%A,,,A‘/W/’/ wm
AR ST e e
NEIDRY o4 A




2. From commutation rules to Abelian ray representations

For Born's matrices p,q, considered as infinitesimal generators,
Weyl considered the corresponding 1- parameter groups P(s), Q(t)

Pls)=1+sp+... Qt)=1+tg+... (s,telR)
The Heisenberg commutation rule
pq — qp = hl, (1)
with & “a number”, was/is equivalent to
PQ) = aQP, (2)

with a(s,t) complex factor.
For |a| =1 this is just a phase factor,

,»--- Which one could deny a physical meaning“ (Weyl to Born, 27 Sep 1925 )
(2) Weyl‘s quasi-commutation rule [my expression, E.S.]



Abelian ray representations: non-trivial commutators (but simple)

For Hermitian matrix A Weyl took the corresponding anti-Hermitian
C:=i A and the generated 1-parameter unitary group U(s):

T4 Y _.'.‘;-1 = ! - -
U |§) =€ =€ “ s IR
For k such matrices ', . . .. (', generating an abelian
group G
- : 1% 5,0 _
Ulsfyo...s.)=e 77, sclik

In QM commutation of the C'-s may be weakened
C.C—C.Cr=1cy- 1 (3]

with skew-symmetric coefficients (¢;;) (commutator
form). For an irreducible group, the commutator
form is non-degenerate ( # 0). It can be nor-
malized by change of generators to matrix blocks

01
[—1 u]
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Canonical basis for infinitesimal generators of G

New generators can be written as
il i, (v=1,...n) P,.Q

vl

with F,, (), Hermitian and

W PQ, —Q)P,=¢c-1, ec¢=1,h... (4]

All other commutators = 0.

Weyl: P, ... P, 0),...Q) 18 canonical basis for G.

For
A(s) = e B(s) = e Tl

Wis.t) = Als)B(t)
the commutation relations in GG acquire the form

Als)B(t) = plcTvsvty By t)A(s) (5)



Abelian ray representations

y 1

The commutative addition for (s,t), (s.t') in IR
reappears here slightly deformed as:

W(s+8,t+t)=eW(s, ) W(S, 1), (6)

\ /

where < st >=7%s.t,.

Weyl called the ‘slightly deformed’ representation
IRn . G

an wrreducible group of abelian ray rotations.

Later terminology:
projective (or ray) representation of IR"



Abelian ray representations characterize quantum , kinematics*

Weyl had found a structural reason,
founded in group theory,
for the canonical pairing of the P, Q operators satisfying Heisenberg commutation (4).

The latter arose as infinitesimal counterparts of the integral quasi-commutation rule (5) for
the case of generators.

He concluded (a little later in the paper):

» 1he kinematical character of a physical system is expressed by an irreducible Abelian
rotation group, the substrate of which [i.e. the set on which it operates, E.S. ] is the ray field
(Strahlenkorper) of the ,pure cases‘.“ (Weyl 1927, 118)



3. Weyl‘s approach to the quantization problem

Already in the letter to Jordan 23 Nov 1925 Weyl indicated that
»--- the domain of reasonable functions H has to be characterized by the Ansatz

- [ i b
[ eSPTN (&) dEdn

This is less formal than Z};I”g” o

(Warning: imaginary i omitted in the exponential. Apparently Fourier transform meant)

In his publication 1927 Weyl argued that a classical
mechanical system with n degrees of freedom and
momentum resp. location parameters

l’)l ..... 1’)”. f‘jL. PR '{ 1

corresponds to a quantum kinematical system with
canonical basis ol generators

1, 10, (1 < v <n)



Quantum system first, classical counterpart. Transfer of observables from 2nd to 1st

For classical physical quantities given by
functional expressions f(p,q).

“...1t remains to be seen how such an expression
might be transferred to matrices ...”

Problem of noncummutativity:

p’q— QP?, or PQP or P°Q

Weyl's answer: Fourier transform &(s, t)
flp.g) = [ePHE(s 1) dsdt (7)
of f(p,qg)s Fourier inverse
! 1 y M
Els t) = lr_\l
too\ex)

sugeests Lo use the operator integral

Fifi=F=] t“i':PHQr:'kflf_s. t)dsedt (8]

[P+t q) dpdg



Two types of composition for observables (Weyl 1927)

(1) Composition ol classical physical quantities,
here real functions on IR™

flp.q), aglp.q)
fg

(11) Composition of Weyl quantized observables

Flf) =/ ellPs+li)¢ (s,1)dsdt

Flg) = [P+l (s t)dsdt;,
=g

F(f) o Flg)

(1) commutative, (11) noncummulative,

Weyl did not look at algebraic ramifications of the
modilied product structure.



