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1. Antecedents of the Ehrenfest® adiabatic
hypothesis (1905-1914).
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Ehrenfest towards the adiabatic
hypothesis, | (1905-1911).

* 1905-1906: Criticism of the Planck’s theory of black-body radiation.

¥1905: & ber die physikalischen Voraussetzungen der Planck@chen Theorie
der irreversiblen StrahlungsvorgSngeO Ak. Wiss., Vienna. Sitz., 1301-1314.

¥1906: Qur Planckschen StrahlungstheorieO Physikalische Zeits., 7, 528-532.

= By imposing

S =klogW

= He uses the adiabatic invariant: |—
= He proves that the quantization must be applied to E

adiabatic invariants, and justifies Planck’s quantum:

* 1907-1911. Statistical analysis of radiation.

¥1911: QVelche ZYge der Lichtquantenhypothese spielen in der Theorie der
WSrmestrahlung eine wesentliche Rolle?O Annalen der Physik, 36, 91-118.

, he obtains Wien’s displacement law.
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T - 0,h,2h,...




Ehrenfest towards the adiabatic

hypothesis, Il (1912-1914).
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¥1912-1913: Extension of the results to any periodic motion.

¥1913: Bemerkung betreffs der spezifischen WSrme zweiatomiger GaseO
Verhandlungen der Deutschen Physikalischen Gesellsachft, 12, 451-457.
¥1913: @ mechanical theorem of Boltzmann and its relation to the theory of
energy quantaO Proceedings of the Amsterdam Academy, 16, 591-597.

= Connection between allowed motions of different systems.

* 1914: Inquiries on the validity of Boltzmann principle:

Physikalische Zeitschrift, 15, 347-352.

S = klogW

¥1914: Qum Boltzmannschen Entropie-Wahrscheinlichkeits-TheoremO




Baptism of the adiabatic

hypothesis (1914)

“Beitrage zur Quantentheorie”.
Verhandlungen der Deutschen
Physikalischen Gesellschaft, 16,
820-828.

Bedtrige sur Quantentheorie;
von A. Finstein.

(Yorgetragen in der Sitzung vom 34 Jull 1914
{Vgl okan K 7i0.)

[m nachfolguaden snd zwei Betrachtungen wied ergegeban,
dis ingoforn usammengebiren, aly sie zeigus, lawieweit die wich-
tigiten neueres Ergebuisse der Wirmelshre, nitmlich dis PLANCH-
sche Strablungeformel und dxs Nexxsvsche Theorem cbme Zubilfe-
nahmo des BoLtzuaxNschen Prizzips asf rein thermedymamischen
Woge mil Benutzung des Grundgodackens der Quantentberie
abgoleitet werdens konnen. Iasoweit die im folgendan gesebonen
Dherlegungen der Wirklickkeit entapreches, gilt das Neaxstache
Theorem far ehemisch reine, kristallisierte Stefie, micht aber
fir Mischkristalle. Auf amorphe Stoffis Ot sich wegem der iber
dss Weaen des amorphen Zostandes herrschonden Unklacheit
nichts nusssgan,

Zar Rechtlertigung des hier vorliogenden Versuches, das
Nexssrache Theorem theoretisch za erfassen, mub ich anleitend
bemerkon, dad alls Bemilhungen, das Nezssvache Theorem aaf
thormodynamisohem Wege unter Benuttuny des Erfahrungs-
satzos vom Verachwinden der Wirmekapazitdt bai T" = 0 theo-
retisch abzaleitan, als miSglickt anzusshen sind. Ich bin gerns
bereit, disss Babanptung dea einmelnen versuchtem Beweisen
gegoniiber za begrindon, falls dis von Kollegen gewiinscht wird.

& 1. Thermodynamische Ableitung der Piascgiohen
Strablungsformel. Wir betrackien cin chemisch cisbeitliches
Gas, dessan Molekiile j¢ &ines Resomator?) tragen. Dis Hoergie
dicges Resovators soll picht jeden belichigen Weet annshmen
kinnon, sondern nur gewime diskrete Warto oo (suf das Mol
bezogon). Ieh will mir pun erlauben, zwei Molekille als chominch
vorschioden, d. b als prinspiell durel semiparmonble Winde

4) Untar JBetonsior® el hier aligemess eiz Triger inaarer Modokn'ar-
eanrgin von vorlvalig sicht niber pracisartec Bessbaforheit verstasdeo
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2. (@n the adiabatic changes of a system in
connection with the quantum theoryOQ(1916).
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(On the adiabatic changes of a
system in connection with the
quantum theory” (1916)

Proceedings of the Annalen der Physik Philosophical Magazine
Amsterdam Academy

19 (1916), 576-597 51 (1916), 327-352 33(1917), 500-513.
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(On the adiabatic changes of a

system in connection with the
quantum theory” (1916)

Contents:
1. Formulation of the hypothesis.
2. Relation with quantum rules.
3. Difficulties: singular motions.
4. Compatibility with the statistical interpretation of the second

law of thermodynamics.




Formulation of the hypothesis

parametersQa,, a,,E

Reversible adiabatic influence on a system:
¥Potential energy de,pends on the coordinates q,, g,,.. and Glowly changing

motion ! (a,)

Infinitesimal slow change

yd

of the parameters a,, a,,E

¥inetic energy T is an homogeneous quadratic function of the velocities.

motion / (a,®

)9

dqor Aogr---

Ve

Given the admissible motions for the parameters a,,, a,,,E “For a general
set of parameter values a,, a,,... only those motions are possible that
are adiabatically related with motions possible for the special values
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Adiabatic invariants

If we assume that for certain admissible motions a definite adiabatic
invariant ! has the discrete numerical values ! ,, I , for the special
values a,,, a,,,..., then it has exactly the same values for the
admissible motions belonging to the arbitrary values of the parameters
a, a,,...

An adiabatic invariant for periodic motions:

— /
I 'f'dtZT =0 :> 2_T Harmonic vibratio> ;
14

0




One-dimensional systems

Resonator with a non-linear equation of motion:

&&"(! *qg+a°9® +a,°q° +...)

If, a,=a,=E =0:

£ _ 2T —fqudp =0,h,2h,...

Vo Vo

Planck resonator
A

|
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Adiabatic
transfor-
mation

If, a,!a,) E!1 0 :

/
"T :g = _-}#jqdp =0,h,2h,...

Debye’s anharmonic oscilator
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More than one degree of freedom

Potential ! (r, a1,az,...)of central attracting force in polar coordinates:

N\

d"
dr

m& mr#& + — =0

d 2
—(mrl® =0

J

> As mr?@&=p, = const.,

-

|
m& & _o
dr
< ps
"= +/1(r,a,,a,)
g 2mr 2 b

By the Ehrenfest® adiabatic
hypothesis:

2T _ _ :

W_fqu dp = ad. inv.

—iT =[fdq dp = ad. inv.
2

where q, is the radial variable, and
q, the angular variable

Sommerfeld quantization:

I1dg.,dp, =0,h,...,n}h,...
11dq,dp, =0,h,...,n,h,...

This procedure is valid for all central forces




Difficulties: singular motions

Electric dipole

Path 1: Indetermination in the final
motion, as the dipole passes
through a singular motion during the
adiabatic transformation:

Path 2: No indetermination in the
final motion, as the dipole doesn®
pass through a singular motion
during the adiabatic transformation

e
- ~




=
Connection to the statistical basis of
the second law of thermodynamics

Boltzmann statistics Planck statistics
A A
> >
¥All'initial conditions Bcompatible with ¥Not all initial conditions compatible with
constraints- are possible. | constraints are possible.
¥Regions with equal area in the phase - ¥Possible motions are equally probable

space are equally probable.

Does the Boltzmann principle remain valid

AS = klogW ?
in the quantum theory? S J

2T
¥One degree of freedom: if —— = '""'dgdp = fixed values.

¥More than one degree of freedom: it® still doubtful
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3. First reactions, before Bohr® irruption (1916-
1918).
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Multiperiodic systems

¥ldp.,dq, =0,h,...,n h,... in certain cases depends on the coordenate system.

¥Epstein and Schwarzschild use H-J theory H (ql,...,qn;—,..., =0

If the system is separable,

H. (qi ;a—S‘;og,...,ozn)+E =0
aq, ot

l; = @Pidq,' =n;h

a,,...,0, are motion constants.

Are the phase integrals adiabatically invariant?
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Burgers (1916-1917)

Are Il =bpda, adiabatically invariant?

For separable systems, there are p independent motions, with characteristic
frequencies "“;:

p
Won degenerate motion: # md, " O
i=1

Dx

H-J equation is separable only in one
coordinate system

/\ qk p
\/ ¥Degenerate motion: Zm,-'v,- =0

H-J equation is separable in more than
one coordinate system

¥n the case of non degenerate motions, "I, =" ¢$dq,dp, =0 always.

¥n the case of degenerate motions, "Y, ="| rX/, =0 only in certain cases.
k
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Contributions to adiabatic
hypothesis, before Bohr

¥Burgers (1916-1917; Proceedings of the Amsterdam Academy, 20, 149-
157, 158-162, 163-169): He proves the adiabatic invariance of phase

Integrals for non degenerate multiperiodic motions.

¥Kramers (1917; Unpublished manuscript): He studies the non degenerate

motions more depthly and he considers also the relativistic case.

¥Krutkow (1919; Proceedings of the Amsterdam Academy, 21, 1112-1123).

He proposes a way to find adiabatic invariants.
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Uses of the adiabatic hypothesis
(1917-1918)

¥Related to statistical implications of the adiabatic hypothesis:

¥Smekal (1918, Physikalische Zeitschrift, 19, 7-10, 137-142).

YApplications:

¥YPlanck (1918; Preussische Akademie der Wissenschaften, 1166-
1174). Quantization of the asymmetric spinning top.
YSommerfeld (1917; Annalen der Physik, 53, 497-550). On light®

dispersion.
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4. The adiabatic hypothesis in 1918 Bohr® work.
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The adiabatic hypothesis in
Bohr’s paper of 1918

ON

THE QUANTUM THEORY )
OF LINE-SPECTRA Part I”.

“On the Quantum Theory of Line Spectra.

Det Kongelige Danske Videnskabernes

Selskab. Matematisk-Fysiske Meddelser, 4(1),
1-36

N BLUHR
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Bohr’s unpublished theory of
1916

Cpry -f mpundlockh ~ . “ icati
i ﬁd% rr~ »;a;x & On the Application of the Quantum Theory
el RSl to Periodic Systems”

...Intended to appear in the Philosophical
vt 70, Magazine, April 1916.

SHLIL v de depiain o dhe Gvintig JVess N
Parindi=Spzava. AN Baug, L Tlal, U preingen: bty

Raader 18 Kathansaea: Py Tidornly L RTR
Tugiadvti,

j Nk A A Bohr us A adi . _
ot e s gl rfuey o e LA, es Ehrenfest@ adiabatic invariant

thwes aro theeeare cagvimzie e be seifere | ae woleliie - .
Ty e feodatins e 5y givee e Leds o to Charactenze Statlonal‘ St t .
cedienry cwchuzann o helroderenivn A3 U sure Hom, y a eS .
Syp quatien o larely ase s Svies Unos protelales exe In
give s rubiely coroikeet F00 wlieh cerwrs Wi vasbrae
very MiEcal sppizeies, T oo ibopewnl s
ansexced puoren [y aiazs e Uncer Les wrzasto bewr gpiven
2 fefnem E.n :rr) 70 Tebiran 10 e aaln Ky ALY 10
cevt diBzaliow eam bs b2 favelend 11 e csbecena 2l K
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Principle of the “mechanical
transformability” (1918)

¥Stability of orbits:

... the motion of an atomic system in the stationary states can be calculated
by direct application of ordinary mechanics, not only under constant external
conditions, but in general also during a slow and uniform variation of these
conditions ...

¥A priori probabilities:

If the a-priori probabilities are known for the states of a given atomic
system, however, they may be deduced for any other system which can be
formed from this by a continuous transformation without passing through
one of the singular systems referred below.
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Bohr’s contribution to the
adiabatic hypothesis

¥Boltzmann principle is valid also for systems of more
than one degree of freedom.

¥Extension to the relativistic case.

¥Transformations between states of the same system.

¥Calculation of a-priori probabilities in degenerate systems.
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Final remarks

The Ehrenfest® hypothesis has no considerable impact
before the publication of Bohr® paper of 1918.

Despite his own developments, Bohr@® use of the
adiabatic hypothesis is very close to the original
formulation.

Since 1918, the references to the adiabatic hypothesis
Increase.

After the paper of 1916, Ehrenfest didn®work anymore
on the adiabatic hypothesis.



