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Appendix 1.

English trandation of: GSppert, M. (1929. T ber die Wahrscheinlichkeit des
Zusamenwirkens zweier Lichtquanten in einem Elementarakt. Die Naturwissenschaften,

17,932 (1929.

Barry R. Masters

Visiting Scientist, Biological Engineering Division, Massachusetts | ngitute of Technology,

Cambridge MA 02139

On The Probability of Two Light Quantum Working Togeher in an Elementary Act.

2.H. A. Kramers, W. Heisenbeag, Z. Physk 31,681-708,(1925) [T be die Streuungvon

Strahlen durch Atome. On the dispersion of radiation by atoms.

Already from the systematic development of quantum mechanics have Kramers and
Helsenbeg so completely deduced the quantum theoretical dispersion equaion tha today the
famousRaman Effect ("Smekal jumps') can bequantitatively calculated. In addition, they
mentional another effect that untl now has notyet been observed. In thelightquantum language

it alows thefollowing ssimple description:
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An gtimulated atom of energy h! |, becomes affected from alight quantum of small
enegy h! <h! ., andtheeby jumpsto the groundstate with a forced [quanturm] emission, in
which theinddent frequency ! isjug thedifference frequency V'=V,,,! V.

Occasiondly the quantum mechanical representation of these things throughthe aid of
the soonto be puldished bookof Born and Jordan in which | have contributed, | have noticed,
tha in theexact disperion theory of Dirac thereisaso his ddivery of thereverse effect. It occurs
by thefollowing process: An atomin thegroundstate, is acted uponby two light quantum

h! and h!*, thesum of which (within thelinewidth) equds the excitation threshold [step] of

theatoms, V+V' =V, ,, and throughit becomes promoted to an excited state with theenergy
h! .. Conequently, onehas here the working together of two light quantain an elementary

act and the probability of such processes can be calculated.

Here thetwo processes are schematically contrasted to the Raman effect. We will
congder thetrandtion of an atom between alower state N, and ahighe state m. State K is
some othe atomic state. The datted lines denote the behavior of an atom, the upwards pointing

arrows are aborption, the downwards pointing [arrows] are emitted lightquanta

In the StokesCrase of the Raman effect (Fig. 1), the emitted light of frequency

V'=V =V, isassodated with avirtud oillator with themoment.

B, =281#(')d" pyy, (2)

where,
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%( ke):) km nk(Pkmé)$
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Pron =1 2)

" (1) istheradiation density

#(’ )d! extended over aspectral line

@ isaunit vector in thedirection of theinddent [electric] field strength,

P,k isamatrix element of theelectrical moment of the unpeturbed atom. In the anti-Stokes

case (Fig. 2), thesymbols nand m are exchanged in formula (2).

In case 3, thedoubk emission, there standsin theplace of the virtud moments pR
another PP fromthe same formula (1), only in the place of (2) thereis now

D - O/(P ke)Pkn + mk(Pkné)$

0+ 0w () ©

Onenoticesin that thegreat smilarity of thetwo cases. Thetrangtion probability of the cases 1-

3 ispropottiond to thelightintengty:

64#4 l3
Win = 3hC %#$ (’ )d’ ‘ pnm (4)
butin case 4 it is propationd to thesguae of thelightintengty, namely
8”3 no 1 D & 2
Wmn_?#2 $(%nn&0 $(%do/4pnmg‘ (5)
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It is noticed that theexpressionin! and! ', dso ® and & are symmetrical. Theprobabilities

(4) and (5) have theattribute tha theradiation bdance is not disturbed [conservation of energy].

Theprocess 3 [Fig. 3] is probably difficult to observe, because thefrequency is
propottiond to the number of atomsin the excited state; in case 4 onthecontrary, itis
propottiond to the number of atomsin the groundstate, whereby neverthdess the quadratic

dependence of thelightdengty works unfavorably.

GSttingen, Inditute for Theoretical Physcs, October 28,1929,

Maria GSppet

Acknowledgment of thetrandator

| thank Katie LagoniMasters for checking my trandation.
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Appendix 2.

English trandation of: GSppet-Mayer, M. (193]). T ber Elementarakte mit zwei

QuantensprYnge. Ann. Phys(Leipzig), 9, 273-2%4, (1931).
Trandated into English by Barry R. Masters

Visiting Scientist, Department of Biological Engineering, Massachusetts Ingitute of Technology,

Cambridge MA 02139

German:
T ber Elementarakte mit zwei QuantensprYnge
von Maria GSppeat-Mayer

(Gsttingen Dissertation)
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[p-273]

Elementary Acts With Two Quantum Jumps

Maria GSppet-Mayer (GSttingen Dissertation)

Ann.Phys(Leipzg), 9, 273294,(1931)

Introduction

Thefirst part of thiswork is conaerned with two light quanta working together in one
elementary act. With the hdp of the Dirac [1] dispersion theory [the variation of refractive index
with wavelength], the probability of an andogousRaman effect processis calculated, namely,
the simultaneousemission of two light quanta. It is shown that a probability exists for an excited
atom to divideits excitation energy into two lightquanta, the sum of ther energy isequd to the
excitation energy, buteach can bean arbitrary value. If an atomisirradiated with light of alower
frequency than thefrequency assodated with an eigenfrequency in theatom, additiondly there
occurs a stimulated doubke emission, in which theatom divides the energy into alight quantum
with the frequency of theirradiated light, and a quantum with the difference frequency. Kramers

and Heisenbeag [2] calculated the probability of this last processin a correspondng manne.
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[English trandation: Van der Waerden, 1967. Sources of Quantum Mechanics, 223-252,New

Y ork: Dover Publications]

Thereverse of this processis also consdered, namely the case tha two light quanta,
whose sum of frequendesis equd to the excitation frequency of theatom, work togeher to

excite theatom.

It isfurther investigated how an atom respondsto colliding particles, when at the same
time it has thepossibility of spontaneoudy emitting light Oldenbeg [3] expeimentaly founda
broadening of the resonance lines of mercury, when he allowed the excited atoms to collide

many times with slow particles.

1) P. A. M. Dirac, Proc. of R. S. vol. 114, S. 143[read S.243 andS.710,(1927)*

*[ Error intext, read P. A. M. Dirac, Proc. of R. S vol. 114, p. 243,andp. 710, (1927)]

2) H. A. Kramersand W. Heisenbeg, Ztschr. f. Phys. 31, S. 681(1925)

3) O. Oldenbeag, Ztschr. f. Phys 51, S. 605 (1929.

[p-274]

He interprets this with the assumption tha a postive or anegative pat of theexcitation energy
of theatom can betranderred as kinetic energy to theinteracting paticles, and thedifference
frequency isradiated. For this process, an equdionis derived here tha is andogousto the

Raman effect or doudde emission.
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Findly, inrelationto astudy by Franck [1], an attempt is madeto explain the behavior of
theintengty of excitation of spectral lines, indued by collision [of atoms] with fast electronsin

such adoubke process.

Franck discusses the course of the excitation fundion of aspectrum ling tha isthe
intengty [of theling as afundion of thevelodty of thecolliding electrons Thisfundionis zero
for low velodties, until thekinetic energy of the electronsbecomes equd to the excitation energy
of the particular spectra lineof theorigind state. The excitation fundion sharply inaeases, has a
maximum at avelodty tha correspondsto a patential of afew volts abovethis critical potential,
and then decreases towards zero agan. This pat of the curveis differentialy calculated with the
usud theory of collisions A curveisobtained tha closely represents the effect, especialy the
sharp increase of thefundion at thecritical potential. For highvelodties thetheoretical curve
shows a mononic decrease to zero. However, studies with rapid electronshave shown tha the
intendty increases agan, and tha electronswith avelodty corresponding to about 100 volts,
appersto reach aflat [intengty] maximum for al [spectral] lines. This maximum occurs at
kindic energies tha cause strongionization, and for which thetheoretical value of thedirect
collison excitation as well as for the extrapolation of the experimental excitationfundionis
aready practically zero. Therelative intengties of theindividud [spectral] lines are completely
displaced in relation to the benavior at low velodties; therefore, the excitation process appears to
bebased on acompletely different process. Franck remarked tha this effect isin many aspects

similar to recombinaion luminescence.

1) J. Franck, Ztschr. f. Phys 47, S. 509 (1928)
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[p-275]

On the other hand Franck also shows that this process could not only be a matter of
recombinaion, mainly because a great part of the experiments are performed in such highfields
tha seconday electronsreleased rapidly attain avelodty that istoo high for them to be
recaptured. Therefore, Franck explained this effect as the recombinaion of theatom with its own
electron, a process which can be described as follows with the Bohr hypotesis: an atom's
electron receives energy from the colliding particles and is thrown in a hypebolic orbit, tha is, a
highe [energy] orbit than [tha assodated with] the ionization energy. Before the electron leaves
theregion of influence of theatom, it returnsback to the elliptical orbit unde the emission of

light, so tha theatomis nowin an excited state.

Here the question should be discussed how such a process can be described according to
therepresentation of quantum mechanics. Obvioudy we can nolonge state tha the atom
recombines before the seconday electron has left the specific region of influence of theatom.
However, it isreasonable to try to explain this effect by a process, in which smultaneoudy in an
elementary act, theatom gansenergy fromthe colliding electronsand emitslight, so tha it
remainsin acondition of discrete energy, and is now able in a second, independent process, to
emit a spectral lineof the discrete spectrum. Such an explanaion containsa strongandogy to the
Raman effect, which can also be described as the conaurrence of two processesin asingle
elementary act. Since such asingle act process occurs at the moment when the collision occurs
with theatom, it would explain all the effects that cannotbe explained by recombinaion

luminescence.
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The calculation shows a probability for such a process, the naure of which will be

discussed.

1. The combined action of two light quantain one elementary act

Thefollowing calculationis closely assodated with thework of P. M. A. Dirac on
emission, absorption, and dispersion [see reference 1 this pgoer, and R. H. Dalitz, 1995 The

Collected Works of P.A.M. Dirac, 19241948 Cambridge CambridgeUniversity Press.]

[p-276]

Let usconsde theinteraction of an atomwith a [electromagndic] radiationfield. To
make the number of degrees of freedom couniable, think of theradiation contained in a cubical
box of volume V , which congrainsthelight waves to the condition of periodic repetition

[standing-waves]. Later this boxwill beassumed to beinfinitely large

Such aradiationfield is equivaent to a system of unaupled hamonic otillators. The

radiation can be decomposed in plane, linear polarized waves; let A bethevector potential, then

A=HQA = Qe Eeed
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in which the components of thevector, " S’ are determined in the usua manne by whole
numbers which depend on the size of thebox, and to each possible vector ”, S thee bdong

. ! . . )
two unit vectors S’ , pependicular to each other andto the unit vector © .

For large cavities, the asymptotic nunber of the standing waves, of which thefrequency
isbeween! and! +" ! isgiven by equaion (1)
8"l A

z()#! = 3 #! (1)

TheMaxwell equdionsgive for thevaues of Q" thedifferential equaion of the

harmonic ocillators. Suljected to quantization the Hamilitonian fundion of theradiationis:

- 1
| HO =1 h), op +=
: .( )(&( 24

A state S of theradiationfield is described by giving the state of all theoscillators

S= (nl. Ny ) and theenergy difference of two cavity statesis:
hves =Y hv, (n, -n,,)
(04

Thematrix elementsof Q' are:

I hc? ' C_
QSS‘ _\/m(nl +1) fOf n! =n_[ +1, n/)) —nﬁ (2)
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ey L #n ) f n.=n!1 n, =n
QSS'—W ! or ~=n. 11 n =n,

/

st' =0 otherwise.

[p.277]

An atom with a stationay nudeus a Hamilitonian fundion [Hamilition opeator or

energy opeator] H ,, thestationay state N, and the eigenfrequency [resonance frequency]

! \n interacts with theradiation field. Then, the Hamilton fundion of thetotal systemis:

H=1 H +Hp+H'

Theinteractionenergy H is given fromthefundionof theelectron:

eZ

2
2me? A

2
e
Ha=2 (@) (pa)+

where P and q are respectively the momentum and coordinae vector of an atom's electrons

V isthepotential energy of theelectronin theatom, and A isthevector potentia of the

radiationfield at the postion of the electron. Thetwo-terms of theinteraction energy

2

e 2
>4
c

2m

H'="(p A)+
mc

can beeasly convated to asmpler form. Specifically, if we form theinteraction [energy]

fundion bdongingto Hy as:
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L=dép! Hy

d Hg
and express it with thehdp of (&— p L asafundionof q and &
P

L@a)= &1 V@) @)

then it is equivalent to another interaction [energy] fundion:

L@a)=2& V() eg‘q A

c % dt*"

d
which is derived from thefirst by adding thetota time differentials —- (@A). If weform the

respective Hamilton fundion Hy, from this, then we obtain:

If thewavelength of thelightislargein relationto the atom's dimendon, then the space variation

of A within theatom can be neglected, so tha
dA A '
dat dt

[p-278

After introdudng the electric moments [(charge) x (displacement)]
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P=1 eq

r

(thesumranges over al theatom's electrong, theterm for theinteraction energy is given as.

._"1 ,
H = E(P,N)

For which A& takesits valueat thepoints Xy , Yo , Zy fromthe atorms mid-point. Since é (A)

isequd to the electric field strength E of theradiation, the energy of theinteractionis
simplified unde this assumption to thepotential energy of the electric moments P, againg the

lightfield.

H isthe perturbaion energy and theeigenfundion of thetotal system is developed as

theeigenfundionsof the unpeturbed system,

It is assumed that theunpeturbed system at time, t = 0, isin thestate no, s? then perturbaion

theory yields for timestha are short in relation to the average dwell time [lifetime], probability

amplitude a,, , in thefirst approximationis:

1 -y
ans HnS, n0s0 h(’ L1
. n no .

0)

SS

and in a second approximation,
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H” n's s' Hn n's' s” 3)

s
n's' h(vn' n’ +Vs' SO)

& . 200/ o+ oyt#
(gl, eZOI(nn-HSS-)t 1 e o sso)c :
h(/n n' +/s s‘) h(/n n° +/s SO) I

b

Thefirst of these known equaionsgives absorption and emission, the second[of these known
equaiong gives the Raman effect and dispersion, and also the effects of smultaneousemission,

and smultaneousabsorption of two light quanta, in which here thedeails will beinvestigated.

Firs, in orde to calculate thedoubk emission let the atom at time,

t =0, beintheexcited state no, and let there beonly onestanding wave in the cavity,

, 2)i(-$08;<x+5'yy+slzzf
A =6e

[p-279]

with afrequency " | which differsfromthe eigenfrequency of the strondy excited atom, i.e.
0 . 0 _ ", / /
n: >>1 n; =0 for #$"; 1. $! .,
On accountof the propeties of theoscillator matrix Q" (2)in

Hn n'ss :# éss(Pn nA)
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H, s oH n 0g.0 Canonly differ from zero, if [state] S procedes from [state] s either by

the absorption of onelightquantum ",  of the absorption frequency ["sentin"], and the emission

of any other lightquantum “ , , this gives the Raman effect and dispersion, or by the emission of

two light quanta. It will then be shown that for thecase with afixed frequency *, , while

congerving theentire energy in any case only the emission of a specific frequency isposible. In
order to calculate both cases simultaneoudy, in thefollowing equaion with doubked symbols the
uppe ones represent the Raman effect and thedispersion, and thelower ones represent the

doubk emission.

2 o5 )
Qnoil, nd Qro l §(Pn n' A%) (Pn. 0 A”)

(2) = "Ng
anS - . n . ! (4)
c? - h(' o0+ %)
'Ol#e2$i(%1n-m%)t 1#e2$i§‘%¢mo+% m%&?t%
" 3
9 h(%.m%) ~ h(%,+%m%) g

(Pn n' A" ) (Pn‘no A! )
he# . o )

H ‘ iy 2
P 280i%% o+% Mm% -t
,,0]#e2$'(%1n‘+%&)t 1#e D e ETEING

3
h(%.. + %) h(% ,+% m9%)
0 N(%.+% 60+ %, 9

aﬁ@ isonly then significantly different from zerowhen ", isequd to or close to zero in oneof

thethree denominaors.
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Booo e, By e # o HH FH,

nn

Theregionsof the zero value of thefirst two denominaors yield the probabilities for processes
in which theenergy ruleis notfollowed, namely for thetrandtionsof theatom from n® to n,
with respectively absorption or emission of a quantum with the (“sentin") frequency " | , and

emission of aquantum at the eigenfrequency of the atom.
[p-280]

These trandtionsdo not correspondto real processes, they are based on a paticularity of
themethod of variation of condants used here. Specifically, it is assumed that the perturbaion
energy H  beginsto act at time t =0, when itis actudly coniinuous This "tuming on” [of the
purturbaion energy] is the cause of the occurrence of theabnomal trangtions

However, thelocation of the zero pant in the third denomondor is represents the change

of thetotal energy in the process. For such frequencies “, intheregionof * =" ot ", ,the

additive terms can beignaed,

*
"

(" L+ o
1" e2#i($nnv m$%)t 1$e #IS nn o ét
h($n o m$%) h(n L+ " | )

nn

and we obtain for thematrix elements Q ther valuefrom equaion (2).

22
2 _ 4(V 2h §/¢no +§)ff (5)
0

ns

‘ 2@
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.. . 2
(Paw™) (P 0€°) (P,;n®) (P, &)
+
h(%. o +%) h(%: o +%)

ASN’$ (# o +#. )t
% nn :
2@ o +#. ¥ )2

(Thesymbol §)r{ meanstha for dispersion and the Raman effect thevalueis 0, andfor doulde
%

3-"

2
over

emissonthevalueis 1). Theprobability of the processis given throughthe sum of ‘

al ! forfrequency " thaisclosetothefrequency ! . Proceedingin theusud way for alarge

cavity, from | theintegral summed over the number of standing waves,

AL () d @

oneobtainsthefollowing equaion dueto the sharp maximum of theintegrand at the postionsof

resonance.

2 2
(=5 e
* 3 0 /g.""

. . 2
(Pn nﬂ#) Pn'nO + Pn n' (Pn-n()@#)
v O 0 +%) (% o M%)
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2SN’ S (#_ o +#, Mét )t

YL # d#
R

, 3 2 h) §n)0+§0,.,.
2_64 '+ A) %

(2 '
a =
(* ne 3hcd
y g\ |2
" (Pn n' e"E) Pn'no + I:)nn‘ (Pn'no ®$) It
h(%. o +%) h(% o mi%)
[p-281]

This equaionisonly meaningful if / '>0. Double emissionisonly possibleiif / O >0 and

the absorbed ["sent in"] frequency is! » <!/ .

Assume tha notonly asingle eigenfundion [standing wave] of the cavity is strongly

excited at the beginning, butalso tha a spectrum line of infinite width is sent in [absorbed], and

condder for the case of doubke emission tha the probability of theemissionof “, isnotexactly

in one eigenfundion A%, butin the narrow frequency range " ! , then the aboveequaionisto

besummed over al theeigenfundions A with frequendesbetween ! and! +" ! . Usingthe

fundion " () which defines the average monodrometic radiation density defined as:

V%) #= | h#gnd 6)
#<#g <#+" #

oneobtainsthe probability of thedoubk emission per unit time as:
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3
d, _64" 4

+2" *#(’)+ 8"! 3h%¥ | .
Wnn0 3hc3 ; c3 ﬁ' (7)
. 2
) 1 | %P”n' I:)n'no + Pon I:)n'no »
al O (# * * *\"
3% W () hEL 0+

Thusit isdemondrated tha in unocupied [no radiation field] cavity, a probability for a
spontaneous smultaneousemission of two light quanta exist, and all frequency divisionsare

possible. If light of frequency v issentin [absorbed], aportion of the stimulated emission of

frequency | behaves with regard to itsintendty, asif it isavirtud oscillator with the moment

-’ _— n ’
I:)nno B V2$#[ j pnn0

[p-282]

* | %Pn n' @ Pn'nO I:)n n' (Pn'no e»$
P =2 %h0 () T hO e +))
n & nn nn #

(8)

with thefrequency / thatis spontaneoudy emitted. For nomal radiation dengties, the strength
of the stimulated double emission is much less than the corresponding spontaneousdoubke
emission. (The samerelationsexist beween ordinary stimulated and spontaneousemission.)

This equaion (8) isfully smilar to tha for the Raman effect in which thestandad momentis:
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P %Pn " QP + P (R o 9%
0o — . 0 n

T %R0 L) h0 e O)

Since theobserved intengties also depend on the number of atomsin theorigind state, whichin
this case isthe excited state, the effect can hardly be observed dueto astrong spontaneous
emission. Maybewe could find it unde metastable states, if the spontaneousemission

2
isnegligible.

probability ‘ Pn o

Theinverse process of doubk absorption [two-phaon absorption], in contrast, is

propottiond to the number of atomsin thegroundstate. The calculationsin this case proceed in

asimilar manne. Only in this case theinitial state n° of theatomisin thegroundstate, and

before the start of the perturbation in the cavity only thelightin two narrow spectral ranges of
averagefrequendes! and!/ " are present, the averagefrequency sumis equd to theresonance

frequency of theatom, / +/ =) , - Theeigenfundionfor each spectral rangecan have the
nn

same propagaiondirection S, S andthesame polarization, @, 2 respectively.

From similar congderationsas before, the amplitude of thetrangtion probability from

n’ ton , (3) isonly different from zero when the state of the cavity evolvesfrom S to sV

throughthe absorption of alight quantum ”; inthe spectrumrange! and another [light
quaatum] ', fromthespectrumrange/ . For such transitions neglecting the corresponding
termsasin (5):

[p-283]
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' &
n9#1, n? n

041, n?
' LA . - =¥
. P @) (B0 &) (R €) (R, 063
SN () ()
| . $
) Inl( e23|.2nn0 (21 ( 20+t |#£
Ioh@ o (2, (20)
% n
2%h
:%\/HP#:: n? #_/
)| :)}]Pnn'é) (Pn-nf)é) N (Pnn'@(Pn-nO ej)?
S O R AP G I
v . $
) Inl( e23|-2nn0 (21 ( 20+t '#
Ioh@ 0 (2, (20)
% n
2

The probability of the processis obtained by the sum of ‘ aﬁ,zé

ove S tha isfor largecavities

throughtheintegrationover “;, and ", . By usingin (6) thedefined fundion (’ )forthe

monodromatic radiation intengty per unit volume we obtain in theususal way the sharp

resonance a thepoint v, +vg =V 0
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2
"(P,ne&) (P, 08 (P& (P, ,&)$
! ‘ar@‘z:mz)! g Py (Fan© (R €07
S

n (:g/Lo h(*n'no (") h(*n'nO ( *’) ;ﬁ

4sir’ ((8,.) $.) $.) t

" &#(%,) #($ L4, ds.
h? ($nno) ) $,)
1664 . N a2
Wir, == 2 040 &) #()d"|p' ¢ ©)

where as p" signifiesthe vector defined in (8). Theintegral ranges over thewidth of oneof the

in-going spectral lines[absorption]. It is shown for ordinary lightintengties tha the probability
of thesmultaneousabsorptionisless than tha for smultaneousemission. Therelation of the
probabilities of doulde emission to doubk absorptionis the same as for ordinay emission and
absorption. The processes will therefore nat affect the radiation equilibrium [congervation of

energy].
[p-284]

Thefrequency of this process of simultaneousabsorptionisinaeased becauseit is
propottiond to the number of atomsin thegroundstate. Convasely, the qualratic dependence
onlightintengty isunfavorable, so highlightintensities are required for observation [of the

effect].

It should be nated tha both of the processes discussed, like the Raman effect, act asif the

two processes, nather of which satisfies the energy rule [energy conservation], take place in one
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act: theatomwith the emission or the absorption of frequency ! goes fromthe state n® toan
intermediate state n , and from there, under emission or absorption of frequency / ' , tothefind
state N.

All of these processes are compared schematically bdow, for smplicity, al the
trandtions between two states N and m, for which / ,, > O areilludrated. n isany

intermediate [virtua] state. Figure 1 and 2 show the StokesQand the anti-StokesQcases of the
Raman effect, Figure 3 the doubk absorption [two-photon absorption], and Figure 4 thedoubk

emission.

[Figures 1-4]

2. Theworking togdher of light and collisons [electrons] in one

elementary act

In this part of thework theworking together of light and colliding paticles, such as

electrons with oneatom will be consdered.

The electron waves are endosed in a cubic box of volume V , with the same condition as

for theradiation; namely periodic repeated [standing] waves.
[p-285]

In the absence of interaction, the energy of the electronsis only kingtic energy T , andthe

eigenfunctionsare planewaves
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28i
n — 1 eT

TV

(pix+pfy+pf2)

in which the components of p" are determined by integral nunbersrelated to the definite size

of thebox and thenunmber of standing waves, for which theenergy E, between E and

E +! E, themoment vector p,, inthefrequency range™ ! ; isgiven by:

n 1 — mV 1 mn
N@)EIP—E?:ME.EIP (10)

Theinteraction of such afield of free e ectronsand aradiation field with oneatom will

beinvestigated. The Hamiltonian fundion of thetotal system is:

H=Hp+] H +T+H

in which theinteraction energy H is separated into two pats:
H =V+U
thefirst term V istheinteraction between the atom and theradiation,

v:!%@@

andthesecondterm U istheinteraction between the atom [nudeug and the electronwhich is
approximately represented by the Coulomb field. Theinteraction between theradiation and the

electronis neglected.
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Asin thefirst part [of the paper] the probability amplitudes a,, xS areinvestigated, for

thecase in which initially thereis noradiationin the cavity, thusthereis only pure emission

2

P, o
— inthecavity, andinitially the
m

processes. Let there beonly one electronwith energy Ej =

atomisin theexcited or unexcited state N°. Since VV isindependent of the coordinates of the

electron,and U isindgendent of theradiation, the matrix element of H

H o =V L,oo+U

n"s n"s nsns’ " " n"“;n" ss

[p-284

thusto afirst approximation, thetrangtion probability is split into two additive terms [no cross
termg]; that of thelightalone and tha of thecollison alone Theworking togeher of both can

only beobtained in the second approximation [ perturbation theory].

The probability amplitudein the second approximation, dueto the propeties of the

perturbation potential is:

2 — 2 n 2 n
.E!U nné& &Ovn' n®s s

+1

W N0 A o)
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2, i , 2, i ,
%1 ——»h+ +E, Eoft §n+ °+h+ss°+E) Eof'*t{:/E

($'eh/onn ,1'eT/°”” ;
g} h+ - +E)," Eg h(+ o++:)+E) " Eg |
0
+ nnssOU nnl»n0
h# .o +E. ! E
) 2.1y Dt - g‘t 2'—i)h- +h- +E *E g‘tgi
1*eh(nn SSOA) 1*eh( n n? s <0 ’ 0/0_
+ * $
: h-nn'-l--ss0 h(-nno +-sso)+E, * By a
(

In the second approximation, theterms ar(fg " and ar(]zz !sso are the contributionsonly

11
dueto collisonsand those only dueto radiation. For processes in which both light and collisions

contribute, and for which both ! [ letter K corrected by trandator] and S vary, they are zero.
Theemission probability of lightisinvestigated for the case in which theemission
frequency ! isnotequd to the eigenfrequency of the atom. Fromthe same consdeaationsasin
the previousparagraphs agz_? s isonly different from zero for thestate ! in which theenergy
rule is approximately followed, that is for which h$nn0 +h$, +E. ! E;issmall, andfor

such states in which the additive terms

20 5 281, o
oh) +E, ! Eg™t T+ g
1!ehéi51nn 7% 1%e hlfnn \é&
h)nn'-l_E(! Eo h ,nn' +”-’)

can be neglected. Therefore,
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[p-287]

%
@) - 2(h % | $Un n& &° (Pn' n® )
Angs=q——— 1 » - - (12)
V ,on h( + %)

n # n n0

2+il * * $
(Pn n'A))Un' n%( (O$1! eTéh nn0+h)+E(!Eo#t
+

h*n'no-'_E(! = iﬁ h n0+h*) +E(! Eo

n

To obtain the probability of the emission of lightin a narrow frequency rangg " ! , with an

averagefrequency ! , in thetrandtion of an atom from the state n° to the state 7 , theterm

a) <

must be multiplied with the number of eigenfundionsintherange"” ! | tha is

Z(’ ) !, andsummed ove all ! , whichinalargecavity isan integral over N(E)dE [see

equdion (10)).

Dueto the sharp maximum in theintegrand we obtain in theusuad manne:

—_

1 U

‘2
0 /
3 Th@ . o +#)  h#. o +E, &EO\ P

. P P . .
nn!!0 nn0+ nnUnno!!O

"

2! 2cos?, :)/ﬁ- o++*+E! E0$t

&nn h #
()N(E) h+ . +h+ +E! 2
( n n° ¥ EO)
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896 .
=¥"$ ZB)N (o #h(S, o +3g))!" 1t
U P .U 2

. . 0
nn!!0+ nn_nno ! $j”
‘ p;

‘ h#. o+#)  h@. o#)

This probability is nomalized on adendty }\// for theinddent electrons If we consder a

stream of inddent electrons of current dengty one then theresult mus be multiplied by:

Findly, by subgituting thevaluesfor Z and N , theprobability for the combined effect is

obtained.
[p-288]
4 w3 2 h (" +"
0=64# 0 m 1 ( n n° ")VZ (13)
nn 3 hSCS EO

2
d&

Un n %9 I:)n'no " Pn n'Un'n(J 968

h( o+’ RO #)

$!ll

n

. Pos
nn

Theresult does notdepend on thesize of thebox V , because

Un|n0, -, 0 V isinversely propationd.
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Let n° bean excited state and Nbealower state of the atom, therefore ! 0, >0. Itcan

be shown tha atranstionin an atlomfrom n° to N can emit lightof frequendes! tha are

highe or lower than the exciting frequency / 00 n The probability is greater when only small

amount of theenergy is tranderred to the colliding paticles, and when thefrequency ! isclose

to ! n There occursin theaboveequdionin thesummation over N other termsin which

n=n’orn =n. They have thecorresponding values:

P
n I"IO UnOnO,. n 0

h( | for n':no

¢ o #!)

P oU 0 .

nhn, nn I forn =n
(¢ ot!)

Thesetwo terms givearesonancefor! =/ , . When! iscloto! , they will dominae
n-n n- n

al other terms. In the corresponding equaionsfor the Raman effect, and the doublke emission
effect, respectively, this resonance does not occur. This result agrees with the experimental

results of Oldenbeag.

For the excitation luminescence effect discussed in theintrodudion, theinitial conditions

are as before: theatom at the start of theprocessisin aninitial state no, which can bethe

2
P, o

groundstate, butthekinetic energy of thecolliding electron E; = 2"
m

isnow much greater

than theionization energy of the atom.
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Thetrangtion probability of theatomsfrom astate n of discrete

[p.-289

spectrumsis andyzed, and it will be shown tha there is a possibility that the atom arrives at this

state by way of adeourthrougha continuousspectrum.

In order to calculate the probability for such processes, isit necessary to return to

equdion (11). The summation over n implies theintegral dE isover a continuousspectrum.
Theassumptionsmadethat lead from equaion 11to equéion 12 are here nat judified since the
denomnaor of some of the dropped terms can be zero, even when theenergy rule isfollowed.

But dueto theinitia condiionsafew furthe smplificationscan be made

Since n° represents the groundstate of the atoms and SO istheunocupied cavity,

I o>0and” o =", >0.Thedenominaor " . o +", of thefirst summationin (11)is

aways large Convesdly, for thesecond summation, al three denomnators can at the same time
be zero. When we only look at those processes, thelast term dominaes over thefirst term by far,

and reflects by itself the main aspects of the effect.

Therefore, mainly

$
2@ - Z&h"/gl (Pnn'A )Un'no##o
# - L] n
PV ey v R,

2, i L+ it 218, whe +E) BT
§1| e %nn ! ' 1| e h @3 nno ) O IF
C ) h(+nno ++*)+E)' E I
/0 f
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Throughrearrangement of termsthe equaion yields:

a®) o=, 2 D% 4 L | P AOU .
V h(&nno +&,)+Eg " Ey nn'$$

E, -E
2m(vn,no+ g O)t _ €, -Eo
1-e 2mi (vn o0FVa®t " t

hvn‘ n® + EX -B

Here the summationis over N respectively, and integration over dE', those terms are mainly

consdered for which thedenomnaor becomes small.
[p-290]
If theresonances are situaed in the continuum, then theintegrand for

" o=Eg#E,," _ =", showsastrongmaximum and becomes small at larger distances
En 0 ' En~ !

[from maximum]. The produd Pn E-U issdowly varying so it can betaken asa

En®s 10
condant, within therange equd in valueto tha at the resonance point, andtheintegral can be

approximately evaluaed. For thediscrete eigenfunctionsan error is caused when discrete values

of Pn o ,Un. 07 10 in n'areinterpolatedfromtheconﬁnuousfundion E  inwhich the

summation is replaced by an integration. It will be shown later that for the special case of high
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speed colliding particles tha this error is small, since theenergy changes h/ E h! £, Which

occur have resonance points which are in the coninuum

Thusthe approximationis made

ar(]z?s: |28h#. 2 1 [(P AW o
' V. h@# o+#)+E %E, - "F E'n®/

E.(Ep$ (2.i'g/E'(E°+, Oﬁt
2|§nn0+ , o+ n 1(e éo h Eln”
+ e #ox d
) E. (E " Eln®
" En® h
2&i @n E! +$%)t
9 1#e
+(P. AU 56, 0" d$
(nEZ U) E2n0 0 $n E!+$% n E! ]
2% h#. ' "
af) = [P g '# e o,
. E, &Eq
2%i (#n 0 +H#n + H )t "
Ye +(Pn EZA )UE'nO! ;0

[Thelast term in the equéaion abovewas corrected by the trandator]
Theatomic states E*, E? are thepoints of resonance, and dependon ! and s so:

h#El 0 +E. I E;=0, " +", =0 (14)

n E2
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2
summed over ! and

Thetrangtion probability of atom from state n° to state n is‘ a,(f,) s

S. First, thesumismadeover ! , which for alarge cavity is an integration

over N (E)dE_, d" , (seeequaion10). Agan only thedomein isconsdered in which the
denominator,

[p--29]]

which represents the conservation of thetotal energy of the processis small, since for this paint

theatomic states E* and E2 areequd, El=E2 =E, weobtin:

2 _283h#
& |a . =S PN (B W, o) | Preh (15)
2 4%2
" #‘UEnO&&O d%pe 1= 1t

Herethestate E and theenergy given up by thecolliding electrons E. ! Ej, shownin (14)

dependson s, “, thus
h$ o+h$, +E. | Ey=0, Eg#E.=h/_,, /.=/g, (16)

Equaion (15) gives the probability for an atomic trangtion to the state n» with emission of a
lightquantum of frequency ! » =! ¢ | to thestandingwave A within the cavity. The

equdaions(16) show tha this process acts asiif it istwo separate processes, each onesatisfying

theenergy rule, takes place in asingle action, specifically, theionization of an atom through
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collision, in which the electron give up theenergy h! E n® and then there is recombinaion with

emitted radiation [out going radiation] of frequency / + =/ g ;.

To obtain thetotal trangtion probability of theatom in the state, equaion (15) mug be

summed over dl S orover dl ! , whichisasinthefirst paagraph, an integration over

Z(", ) d", . Referringto this

probability, indead of to adendty }\// of theinddent electrons to a current dendty of one

electron per second across a cross section perpendicular to thedirection of propagation of the

electrons we mug multiply by

Vm

J 2mE,

, then for thetrangtion probability of atoms from state

n’ to n:

S8 M 20 P PSN(E, #h
Wi S5~ E}/(En (-En)‘ nE‘ (Eg #h! _ o)
2
Xf UEHOXXO da)XdVEn
_64"° m* o g 2 hl'c o
= e 20 P |y 1# =

2
d" .dl ¢,

%$‘ Ug oy 40
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[p.-292]

Thematrix elementsin theequaion are expressed by the emission coefficients:

w3
%E:%‘ nE‘z

and throughthetheoretical value of theionization probability throughcollison[compare with

Bornl] which in thisrelationis:

_4%%m? h#E n® \,2 2
Seno = h? l& E, v %UEnO!IO d"p
we obtain thefind equdion:
_h
W o _Z! Ave S o dE (17)

Subsequently, the previousmethod of interpolation of discrete matrix elements througha
continuousfundion of energy isjudified. Since the collision excitation probability islow for
high velodties of colliding electrons andis only essential for trangtionsin the continuumwhich
follows from consderation of the Born equéaions Therefore, in thefind equaionit is sufficient

tha theintegral is made only over thecontinuum

This process of collisionionization and simultaneousrecombinaion is an andogueto the
process described by Franck which was discussed in theintrodudion [to this paper]. This
process, [and the calculation relates to this case], isredly aunified act, and nat two independent

processes, which follows fromthe propationdity of thefrequency with t. Since thefrequency
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of succession for two independent processes-such as excitation by collision, and later light
emission after adday of 10' 8sec-must always bepropottiond to t 2 fortimeintervals less tha
10’ 8sec, and the calculation is valid for these cases.

This equaion yieldsthetrangtion probability from state N throughcollision with high

velodty electrons Theatom can then in a second,independent process, emit linesfrom the

discrete spectrum.

1) M. Born, Ztschr. f. Phys. 38, S. 803 1926;Nachrichten der GSttingen Ges. der

Wissenschaften 1926,S. 146.

[p-293]
Equdion (17) makes it undestoodtha the maximum intendties of these linesisin theregion
where thetotal ionization I SE 0 dE islarge Also explained isthe complete displacement of

theintengties as compared with direct excitation by collision, for which the excitation fromthe

2
, andthusgives quditatively the

state N ispropottiond to the matrix element ‘U a0 10
effects that were discussed in theintrodudion.

Findly, an estimate of the magnitudeof the probability for such excitationin relationto

the probability of ionization should begiven.

Thetota probability is:
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w, = f SE 0 dE
and therefore:

w
n n®

W

|Ae S, o dE
1S, o dE

_h
4

A isthemean valueof A, g, thus

AlS. odE

Therefore:

#A e dE" AIE

the emission codfficient for theentire coninuumisthe same order of magnitudeas theemission

coefficient for alinein the discrete spectra. This shows theinverse of theaveragetime interval,

andisabout[10' ®sec 1.

Therefore,

A 10°
| E
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and

W no _ h-10° _ 10°
W, AE Av

Thewidth of thecontinuousline spectrais about

"#=10"sec?

[p-294]

then:

Wi, 108

w, 105

n 10' 7

Thisisavery roughestimate. A more exact consderation of the behavior of this trangtion

probability could only beobtained thoughnumerical evaluaion of the matrix elements B, ¢,

) En0° perhapsfor hydrogen.

Wn 1’10
Thefraction

isthe numbe of atoms, tha in asingle act, doubke process are
Wy

broughtto the state n , compared to the number of the atoms tha areionized. Thisis measured

experimentaly by theintendty of aling for example, theresonance line ! IRINCR Theatoms

induced to a highe state N usudly radiate theresonance line ! 0 theobserved intengty is
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notonly propottiond to Wn 0 butalso dependson thetrandtion probability Wn 0 of al the
highe states.
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Notes onthetrandation:

1. Thepage numbersin squae brackets correspord to the page nunbesin theorigind pape.
2. Thenunmbeing of the equaionscorrespondsto the equaion numberingin theorigind pger.
3. When aword was added in the English trandation it is placed within square brackets.

4. When thetrandator madea correctionto either thetext or to theequaionsanote to that effect

was placed within square brackets and italics.
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5. Thereferencesin theorigind German pgper are nottrandated into English and appear in thar

origind form and postion.

6. When thetrandator added an important reference it was placed within squae brackets and

italicized.
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